We introduce a framework for model reduction of chain models for dissipative particle dynamics (DPD) simulations, where the characteristic size of the chain, pressure, density, and temperature are preserved. The proposed methodology reduces the number of degrees of freedom required to represent a particular system with complex molecules (e.g., linear polymers). Based on geometrical considerations we map fine-grained models to a reference state through a consistent scaling of the system, where short length and fast time scales are disregarded while the properties governing the phase equilibria are preserved. Following this coarse-graining process we consistently represent high molecular weight DPD chains (i.e., ≥ 200 beads per chain) with a significant reduction in the number of particles required (i.e., ≥ 20 times the original system).
Introduction
Dissipative particle dynamics (DPD) is a stochastic mesoscale particle model introduced by Hoogerbrugge and Koelman. [1] DPD combines features from molecular dynamics (MD) and lattice-gas automata (LGA) to simulate the isothermal Navier-Stokes (NS) equations. The resulting method is faster than MD and avoids the lattice artifacts of LGA. Español and Warren [2] reformulated the DPD method, describing it within the statistical mechanics framework.
One of the most important application of DPD is the study of polymers, [3, 4] amphiphiles, [5, 6, 7, 8] and their mixtures. Other applications include hydrodynamic and excluded volume interactions, [9] collapse transitions going from good to poor solvents, [10, 11] rheological properties, [3] self assembly of diblock copolymers in solution, [12, 13, 14, 15] and microphase separation. [16, 17] DPD models complex material behavior through the interactions of soft particles (a.k.a., beads). Beads are typically described as a single point with a soft repulsive interaction potential which has a cut-off radius r c . In DPD liquids are modeled by single interacting beads, while polymers (or any complex structure) can be simply constructed joining many DPD particles through bonding potentials such as harmonic springs. Polymer solutions with different concentrations are modeled changing the ratio between the number of polymer and solvent beads. Furthermore, the solvent quality can be varied by fine tuning the solvent-solvent and solvent-polymer interaction parameters used to set up DPD simulations.
One of the most important limitations in the modeling of high molecular weight molecules is that the large polymer chains need to be discretely represented in the model as well as their interaction with the solvent. This large number of beads leads to a high computational demand which limits the time and length scales attainable. [18, 19] In this scenario, the modeling of polymers in practical applications ranging from infinitely dilute solutions to self-assembly is still cumbersome. Different authors [20, 21] have proposed methodologies to reduce the number of particles needed to describe a DPD system with fluids and polymers chains. [22] However the applicability of these methodologies for polymeric systems is restricted to short chains. [22, 23] Motivated by the current limitations in the modeling of arbitrary long chain models, herein we describe a methodology to reduce the total number of degrees of freedom necessary to accurately forecast the behavior of complex molecules. We use the term particle or bead to refer to the degrees of freedom in our simulation, while segment denotes the particles that constitute a chain. Due to the meso-scale nature of DPD this segments can be associated for example with monomers, Kuhn segments or blobs, when physical systems are translated to DPD. This paper is organized as follows. First, we introduce the conventional DPD governing equations as well as the conformational characterization we use for DPD chains. Then, we present the proposed model reduction framework. In the remaining sections we present the validation of the coarse-graining introduced and draw conclusions.
Dissipative particle dynamics
In DPD the kinematic evolution and the balance of linear momentum of the particles are given by
where r i , v i are the position and velocity of a particle i, respectively, m i is its mass, and f i is the net force acting over the particle. The force acting on each particle, has three different contributions, F C ij is a conservative force, that models pressure effects between particles and spring interactions in chain models. F D ij , models dissipative (viscous) interactions in a fluid (a friction force that reduces the velocity differences between particles). F R ij is a random force (stochastic) that models random collisions between particles, and from the MD point of view, models the degrees of freedom eliminated by the coarse-graining process. This stochastic force approximates the Brownian motion of polymers and colloids. From the statistical mechanics point of view, F D ij and F R ij are tightly related in order to satisfy the fluctuation-dissipation theorem, which takes the form of the Fokker-Plank equation. [2] The conservative force typically can be written as F [24] In terms of their energy potentials u ij , the bead-bead and bead-spring contributions can be expressed as
where r ij = r i − r j and r ij = |r ij |. δ ij = 1 if particles i and j are connected, and δ ij = 0 otherwise. In the literature the most used bead-spring energy potentials are harmonic and finite-extensible-non-linear elastic springs, [25, 24] however other alternatives are possible. [25] Regarding the bead-bead contribution, soft-repulsive potentials are typically chosen as the simplest option, [26] nevertheless more rigorous potentials can be used. [27] The model reduction framework we propose can be applied to any form of the conservative force adopted.
The remaining forces are defined as
where γ is a friction coefficient that determines the overall magnitude of the dissipative term, and σ is the noise amplitude that scales the stochastic contribution. ω D and ω R are weighting functions that set the range of interaction between particles. ζ is a random number with zero mean and unit variance; the dependence of F R ij with the time step size, appears as an important restriction in the time integration procedure. The different forces satisfy Newton's third law, and conserve linear and angular momenta.
According to Espanol and Warren, [2] the system satisfies a Gaussian distribution only if
similarly, from the fluctuation-dissipation theorem, the noise amplitude and the dissipative coefficient are related by
where k B is the Boltzmann constant and T is the equilibrium temperature. Due to its simplicity, the following definition for the weighting function ω R (r ij ) (and therefore ω D (r ij )) is commonly used in the literature
where ω R (r ij ) is assumed to vary linearly away from the particle.
Conformational Characterization of linear polymer chains
The equilibrium distribution of beads along the DPD chains and therefore the chain size is in general governed by the enthalpic and entropic interactions between segments. The entropic contribution can be associated with the configuration of the polymer, such as linear, star, branched, etc. While the enthalpic contributions are in general governed by the polymer-polymer and/or polymer-solvent interactions in solution.
To motivate this discussion we present our coarse grain methodology in the context of linear polymer configurations. Nevertheless, the methodology we present can be further applied to other chain configurations.
Here, a linear polymer is defined as a sequence of N + 1 particles connected, with an equilibrium length between them of r o = br c , where b is a proportionality constant. We use the traditional polymer chain distinction between ideal (or theta) and real chains conformations. [28] A chain is in its ideal configuration when there are no energetic interactions between segments, or the balance between interactions cancel each other (i.e., theta condition). Thus, any particle only interacts with those particles it is directly connected to. In this ideal state the segments nearly behave as in a random-walk distribution, or self-avoiding walk in theta condition. A polymer chain with conformations different from ideal is assumed to exhibit a real configuration.
In order to characterize the size of the DPD chain model we use three non-zero measurements, [28] the mean-square radius R 2 , the radius of gyration R g and the contour length l c . The ensemble average over configuration is denoted by · . The mean-square radius R 2 is given by
where R N is the end-to-end vector, and s i is the bond vector pointing from the (i − 1)th to the ith segment in the chain. We can express s i · s j = r 2 ij,o cos θ ij , where θ ij is the angle between s i and s j and r ij,o is the distance between particles. If the distance between connecting particles is assumed almost uniform, that is, r ij,o ≈ r o , the mean-squared radius can be rewritten
The magnitude of cos θ ij measures the orientation similarity between the vectors s i and s j . This measurement is commonly known as cosine similarity. That is, cos θ ij provides relevant information about the correlation between segments; for ideal chain models R 2 = r 2 o N because there is no correlation between segments cos θ ij = 0 if i = j. However, for real chains
Here ε indicates the segment separation where the correlations between segments vanishes. To express the mean-square radius in a more generic form for both ideal and real chain conformations, we introduce the so called Flory's characteristic ratio, [28] 
where
Now, using the definition of Flory's characteristic ratio we obtain
In polymer physics the numerical value of C N depends on the local stiffness of the polymer chain. For some polymers the correlation between monomers separated by many bonds disappears, and the Flory's correlation function saturates to a value C ∞ . [28] Using C N we characterize the conformation and correlation between segments in our DPD chain models. From (15) we conclude that C N = 1 for ideal chains, and C N = N for rod-shaped chains (completely extended). Therefore, if we write
and ν = (1 + β)/2, the mean-square radius of the chain can be written as a power law
where ν provides information about the chain conformation (segment correlation), and depends on the affinity between the DPD chain and the surrounding particles. Here the surrounding particles account for the chain concentration effects on the system. Thus, in diluted systems the DPD chains are mostly surrounded by solvent particles, but as the chain concentration increases the chains start interacting with other chains.
Different authors [29, 10, 30, 25, 31, 32, 24] have shown that in DPD spatial and temporal correlations appear and the power laws underlying polymer physics [28] can be captured with DPD polymer chains. It has been verified experimentally [28] that 1/3 ≤ ν ≤ 1 depending on the chain size and the solvent affinity. In general, all the polymers have values of ν that fall in this range, irrespective of the concentration regime, that is, for diluted, semidiluted, concentrated or bulk. Nevertheless, the chain size and solvent affinity at which each ν value is achieved is specific to each polymer analysed.
The values of ν in the range 1/3 to 1 can be interpreted geometrically and this sheds light on the correlation between beads in the chain. A brief discussion of this geometrical interpretation is given in the following. Equation (17) shows that the radius of a sphere that contains the polymer chain grows proportionally to some power ν of the number of segments N . For ν = 1/3, equation (17) implies that
Therefore the volume of the sphere is approximately the summation of the volumes of the N segments, since the segments are tightly packed. A single polymer chain in poor solvent exhibiting ν = 1/3 is expected to be completely collapsed. In contrast, at the largest value ν = 1, the radius of the sphere containing the polymer scales as R ≈ r o N = N r o , therefore the only possible segment configuration is a completely extended chain. In summary at ν ≈ 1/3 the polymer chain packing behaves like a sphere while at ν ≈ 1 the polymer chains behaves like a rod.
These geometrical considerations explain the limits of ν, passing from fully collapsed to fully extended chain arrangements. The segments are assumed to be incompressible; otherwise R 3 < r 3 o N when the chain is collapsed or R > r o N when it is extended.
Another useful measure we use to characterize a polymer chain model is the radius of gyration R g , defined as
where r i is the position vector of the ith particle. The radius of gyration corresponds to the second moment around the center of mass for the segments position r cm in a polymer chain. In general R g ∝ R, particularly if the chain exhibits the same conformation at all scales, it is possible to integrate over the polymer contour, [28] leading to a general expression for any ν, which is
From (19), we conclude that the radius of gyration for ideal chains is defined as R 2 g = N r 2 o /6, while for rod-shape structures,
The last parameter we use to characterize the size of a DPD chain is the contour length l c , which we defined as
3 Coarse-Graining process
In this section, we describe the framework we propose to reduce the number of degrees of freedom needed to accurately forecast the behavior of complex molecules. In this context we introduce a distinction between:
i. the process of fitting physical properties with DPD parameters, that we call mapping and,
ii. the process of reducing the number of degrees of freedom of a given DPD system, that we call coarse graining or model reduction.
The mapping process in itself requires a coarse graining procedure, where physical atoms are grouped in DPD-particle representations, Thus, model reduction is simply a particular type of coarse graining during the mapping process ( Figure 1 ). However for the sake of clarity we prefer to introduce mapping and coarse graining to focus our efforts on proposing a general methodology for model reduction, that can be combined with any mapping from the literature, or used in the development of more sophisticated mapping procedures. In this paper the coarse graining process reduces the number of particles that describes a given system by grouping these into coarse sets (Figure 1 ). Prior to coarse graining, the particles in the system are labelled as the fine particle representation, and after coarse graining, we identify the system components as coarse particles. In order to systematically present the proposed coarse graining methodology we distinguish between the values of a property A when evaluated on the fine grained system (A ) and its coarse grained counterpart (Ā).
The ratio between the number of particles before and after the model reduction is the level of coarse graining φ, which is a measure of the reduction in the number of degrees of freedom representing the system. We define the level of coarse graining based on the change in the number of particles used to represent the polymer chain, such that
We assume that this level of coarse graining is applied to the whole system (i.e., solvent and polymer), the total number of particles N T in a coarse system is given bȳ
In order to preserve particular features of the fully resolved system (e.g., pressure p, mass density ρ) once the coarse graining is applied, the DPD parameters of the coarse system need to be properly adjusted. We call this procedure parameter scaling. The value of a given parameterĀ is computed by scaling A as
where ψ(φ) is a scaling function that depends on the level of coarse graining.
One of the first attempts to formalize model reduction in DPD using scaling arguments was presented by Backer et al. [20] In their work the authors described a methodology to scale DPD parameters in flow problems using particles with two different cutoff radii (multiresolution). Later, Fuchslin et al., [21] introduced a scaling scheme to deal with fluid-like systems containing individual particles, that consistently coarse grain DPD, and restated it as a scale-free mesoscopic method, thus it can be applied to any lenght scale.
Following the approach of Backer et al., [20] , Spaeth et al., [22] extended the methodology for arbitrary coarse graining level and introduced the same idea for coarse graining of polymer chains. As Backer, [20] they scaled the parameters in order to preserve the mass density ρ, the pressure of the system p, the number of interactions per particle, and the viscosity µ. The model reduction proposed by Spaeth [22] preserves satisfactorily the target features of the original fine system only up to certain maximum chain length (40 beads/chain) and coarse graining (φ = 5). This suggests the existence of additional features related with the chain length that are not being accounted properly when the DPD parameters are scaled using this framework.
In the original model for combined scales proposed by Backer, [20] and adopted by Spaeth [22] the cutoff radius is scaled in order to preserve the mass density and the number of interactions per particle of the original system. That is, they assumed that a coarse particle represents a set of n fine particles homogeneously distributed within the coarse volume. This assumption is valid if the coarse grained particles do not exhibit non-local correlations between them (i.e., fluids represented by individual particles), however for polymer chains correlations between connected particles exists, and depending on the polymer shape, long range correlations may also be relevant. Hence, the particle correlations in the chain representations seems to be responsible of the maximum limit in coarse graining and chain length reported by Spaeth et al. [22] We propose a methodology for coarse-graining DPD-chains where the correlation between particles is explicitly included and preserved by the model reduction framework. The coarse-graining approach proposed generalizes the seminal ideas of Fuchslin, [21] including relevant concepts from polymer physics such as power laws. [28] Our coarse graining by construction preserves the most relevant features of the fine grained system, in particular, the characteristic size R (a.k.a., end-to-end distance R f ) of the DPD chain. Nevertheless, due to its practical relevance we also verify the preservation of the radius of gyration in the coarse grained models.
3.1 Mass, m, and cutoff radius, r c , scaling
We define the mass m of a coarse-grained particle as
The unit length in a system constituted only by fine particles is given by the cutoff radius r c . We scale the cutoff radius to preserve the proper chain dimension R = r o N ν . Since the average distance between connected particles is proportional to the cutoff radius, r o = br c , in order to preserve the radial particle distribution the proportionality constant b must be the same for any coarse-graining level. Hence, if we attempt to preserve the characteristic polymer size R after coarse graining, we require that
therefore the cutoff radius of the system with coarse particles is given bȳ
where the scaling proposed in [22] is recovered whenν = ν = 1/3. Thus, the maximum chain length and coarse graining limitation that the method of [22] suffers is due to the implicit assumption that the coarse and fine models have identical spatial correlations. Moreover, ν = 1/3 assumes a complete collapse of the chain, which is only valid in the poor-solvent limit.
Now, if the mass density is to be preserved in the coarse representation too, then
where m and v are the mass and volume per particle, respectively. Based on the unit length scaling (26), the volume of a coarse particle is given bȳ
Again, equation (28) for ν =ν = 1/3, collapses to the scaling scheme of [22] (v = φv ). Substituting (24) m = m φ and (28) in (27), we get,
In (29) we have one free parameter, that is, either φ orν. Thus once one of them has been chosen the other is fixed by (29) if the mass density is going to be preserved by the coarse graining process. Here we choose the coarse graining parameter φ as the free variable, leading tō
In principle, from (29) 1 ≤ φ ≤ N (equation (21)), however due to the physical restriction that 1/3 ≤ ν ≤ 1 (assuming incompressibility of the segments), the level of coarse graining must exhibit a φ max when ν = 1. From Figure ( 29) φ max can be easily computed. The maximum coarse graining for a polymer chain with N segments and ν is given by
In Figure 2 we present the level of coarse graining required to represent fine-grained chains as shorter coarse-grained model. Additionally in this Figure we include the maximum level of coarse graining (31) attainable for different fine scale conformations ν . The existence of a maximum coarse-graining level arises from the fact that we want to preserve both mass density and polymer size. From 2 it is evident that for ν ≈ 1 (rod-shape polymer), φ max = 1, therefore the chain cannot be coarsened while preserving the mass and length scale (equations (25) and (27)).
In the inset of Figure 2 we highlight the variation of the level of coarse graining for different values of the exponent of equation (29) . This Figure is useful to identify graphically the magnitude ofν. In this case the blue region denotes the permissible levels of coarse graining, for chains with fine-scale conformation ν = 0.6. This region is delimited by φ max , whenν = 1, and φ = 1, whenν = 0.6. We remark the fact that if the fine and coarse representation have the same conformation, the chain cannot be reduced any longer. 
Time τ and energy scalings
In DPD the time scale is given by
where the traditional selection of r c = 1, m = 1 and = k B T = 1 leads to a DPD time scale of size one. In this case the time scale is defined once the energy units are chosen. = k B T is adequate in the study of equilibrium states, however the time scale can also be determined by direct comparison of experimental and simulated transport coefficients. [33, 21, 34] Since our goal is to perform model reduction on DPD while preserving relevant simulations parameters close to the original fine-scale simulation, the scaling of the mass (24) and length (25) units stated implies an appropriate scaling of the units of time and energy. In our coarse graining we adopt the scaling of time ψ time (φ) and energy ψ energy (φ) proposed in [21] based on dimensional analysis of (32) . Therefore, we have for the coarse system thatτ
which can be expanded to yield
where the choice of ψ time (φ) and ψ energy (φ) depends on the scaling parameters acting on the cutoff radius and mass. Based on (34), a simple alternative is to scale the unit of energy as the particle mass is scaled and the unit of time as the cutoff radius. Therefore
Even though the selection of the energy and time scalings are arbitrary, (36) is useful in order to preserve the physical scalability of DPD. [21] 
Parameter scaling for conservative interactions
The scaling of the conservative interactions follows the methodology introduced by Fuchslin et. al., [21] based on internal energy considerations. In [21] the authors adopt a conservative contribution that only depends of soft-repulsive bead-bead interactions, herein we first generalize their approach and then particularize it to the bead-bead and bead-spring potentials frequently used in the literature.
According to [21] the conservative interaction parameters scale in order to preserve the change of the internal energy (∆U ) when the system is isotropically compressed from a box size L to (1 − ζ)L, where ζ 1 is the relative compression parameter. The change of the internal energy in the system can be written as
where U 0 is the internal energy of the uncompressed system, and ∆r ij (ζ) is the change in the distance between particles.
The typical energy potentials used in the literature can be compactly written as u ij = Ah(r ij ), where A is a constant that dictates the magnitude of the internal energy, while h(r ij ) sets the extent and order of the particles interactions. The scaling of the conservative contributions is applied to A such that the change in the internal energy ∆U can be preserved after model reduction. Thus, if ∆U = ∆Ū , we require
In equation (39)Ā must compensate any change occurred in the right-hand side, such that the equality holds. The changes in the right-hand-side expression are associated with a reduction in the number of terms in the summation (i.e., N T ) and the increment in the length scale (i.e., r c ). If we use the asymptotic behavior of the two contributions (i.e., when only one of the contribution dominates), and consider that both effects are uncoupled, the scaling of the conservative contributions can be expressed as
where ψ c,ρ (φ) and ψ c,rc (φ) are the scaling functions due to the changes in the particle number density (ρ = N T /V ) and length scale, respectively. Due to the short-range nature of DPD and that the number of interactions per particle is conserved after coarse graining, the number of terms in the inner-most summation does not change. This is true for bead-bead interactions when the normalized radial distribution function does not depend on the level of coarse graining, g(r ij /r c ) = g(r ij /r c ), as we show in section 4.
In bead-spring potentials, the number of interactions per particle only changes if the number of bonds per bead is modified with the coarse graining, which is not the case for the linear polymers discussed in this paper.
If we initially consider only the change in the number of particles N T , and h(r ij ) = h(r ij ) equation
The effect of the change in the length scale can be identified when N T =N T , which from equation (39) yields an scalingĀ
Once the functional form of the bead-bead and bead-spring potentials is chosen, the proper scaling of the conservative contributions can be determined from equations (41) and (42). To illustrate this point we choose the classical bead-bead potential used by [20] and [21] , and a harmonic spring potential to model the bead-spring interactions such that
where a ij is an interaction (repulsion) parameter, K s is the spring constant and r o corresponds to the equilibrium average distance between particles, defined in (11) .
If the system undergoes a first order transition under compression, the change in the distance between
Since the cutoff radius and the distance between particles have the same order of magnitude, the ratio r ij rc between fine and coarse scales is conserved, and the remaining terms of equation (45) that contribute to the scaling areā
From equation (26) we know that the length ratio between scales is r c rc = N −ν +ν φ −ν . Combining equations (46) and the scaling originated by the change in number of particles (41)ā ij = φa ij , the scaling of the conservative contribution is finally obtained as
Once the scaling for the bead-bead interactions is identified, the remaining conservative contribution to scale is the bead-spring potential used to construct DPD chains. From equation (41) and substituting (44) in (42) the same procedure used to scale the interaction parameter is applied. In this case, the scaling due to the change in length scale is φ −2ν N (2ν−ν ) . While the scaling of bead-spring potentials due to the change in the particle density, leads to the scaling (φ + (φ − 1)φ/N ). Where the density scaling given in equation (41) takes into account the change in particle density.The resultant spring constant in the coarse-grained representations isK
Remark
An alternative scaling based on the analysis of the conservative forces can be used following the approach proposed by Backer et. al. [20] Nevertheless, we have verified that the methodology proposed in [20] and [21] are equivalent. We now derive the scaling of the interaction parameter a ij following the procedure proposed in [20] by the authors. In this case, we seek to preserve the pressure of the system. The pressure can be expressed using the virial theorem, [26] and written as a summation over the particles in the system
whereρ = N T /V is the particle number density, while N T and V are the total number of particles and volume, respectively. F C ij is the conserved part of the force on the particle i. Equation (49) is valid since the dissipative and random forces have been defined to be a Boltzmann distribution. [2] In (49), the first term of the right-hand side accounts for the ideal contribution to the pressure while the second one accounts for the residual contributions.
We start out by analysing the pressure preservation at the ideal condition where a ij = 0. In this case we expect p| a =0 = p|ā =0 . According to our selection for the energy scaling (36),¯ = φ and ρ =N T /V = φ −1 N T /V , thus we haveρ =ρ , which yieldŝ
Since the ideal contribution of the pressure is independent of the coarse graining, the scaling of the conservative bead-bead interaction can be expressed as
where the interaction scaling ψ c (φ) is only related to the residual term of the pressure, which from (49) requires that,
If the bead-bead potential is given by equation (43), the analysis performed in equation (39) can be directly used to (52), leading to an equivalent scaling of equation (47). Therefore, we conclude that we have the same scaling of a ij due to the change in the particle density and length scale.
In the methodology proposed by Backer [20] and Spaeth, [22] due to the absence of an explicit energy scaling, (k B T ) = (k B T ), and thus they found that the ideal pressure depends on the coarse graining (p| a =0 = p|ā =0 ). This dependency requires the scaling of a ij to include a correction term ψ o (φ) for the ideal pressure, such thatā
Equation (53) effectively producesā ij = 0 when a ij = 0. The first term on the right-hand side of (53) accounts for the ideal pressure, therefore, likewise equation (51), ψ c (φ) only needs to ensure the preservation of the residual pressure contribution. According to our definition of coarse grain level (φ), and the scaling of a ij presented in, [22] we identify that in equation (53) ψ c (φ) = φ 2/3 , which results to be equivalent to the scaling proposed by Fuchslin et.al., [21] Hence, the only difference between the methodologies followed by [20] and [21] is the correction of the ideal pressure proposed in [20] due to the absence of a consistent energy scaling.
Scaling for dissipation γ and fluctuation σ parameters
We now consider the scaling of the friction γ and noise σ coefficients. Taking into account the scaling we already chose for time and energy units, we scale the friction and noise parameters as
In this case, the methodologies proposed in [21] and [20] lead to different scaled parameters. In [20] the authors attempted to scale the parameters to preserve the viscosity of the system, while [21] scales these parameters based on dimensional analysis. Thus, the scaling of the dissipation and fluctuation parameters that we use, share the same foundations of those proposed by Fuchslin et al. [21] 
Coarse-chain conformation
The choice of scaling φ imposes restrictions on the coarse chain configuration; in particular, the coarse chain must satisfies R =Nνr c . Abstractly, one controls the configuration of the coarse chain by modulating either the entropic or the enthalpic interactions. In this paper we control the coarse chain conformation entropically.
As shown in Figure 3 , the coarse graining of a chain reduces its contour length, and so the area of the chain that is accessible to the solvent is reduced. We denote this effect resolution loss, which affects the effective contact between the polymer and the solvent. The proposed scaling of the interaction parameter a ij preserves the enthalpic contribution accounting for the change in the total number of interactions in the system (i.e., particle density) and the length scale of these interactions (i.e., cutoff radius), such that the number of interactions per particle (g(r/r c ) = g(r/r)) is assumed independent of the coarse graining level. However the resolution loss also affects how the solvent particles localize around the polymer chain. The localization of the solvent defines the number of polymer-solvent interactions, and originates the long-range correlations between segments. Since the current scaling of the conservative contributions does not account for this solvent localization, coarse-grained system would tend to reproduce the same chain conformation for any φ.
In order to identify how the required coarse conformationν can be achieved, we analyse the effect Figure 3 : Schematic representation of the coarse graining process. In this case sets of five fine particles are grouped into single coarse particles representations. The current parameter scalings preserve the number of interactions per particle, but does not explicitly account for the change in the number of polymersolvent interactions. Therefore long-range correlations vanish. The grouping of fine particles originates a reduction in the accessible area of a chain due to the change in the contour length l c .
of the resolution loss considering the free energy of the DPD chain. The free energy F of a fine-grained chain can be defined as F = F h + F ent , [28] where the subscript h and en denote the enthalpic and entropic components of the free energy, respectively.
The enthalpic contribution of the free energy is obtained if we define the probability to find a chain segment within the cutoff radius of another segment, as the product of the bead volume (r 
If we now write the interaction energy of a coarse-grained chain with the same conformation, we obtain thatF
From equation (57) we find thatF h ≥ F h . Therefore, if the interaction energy needs to be preserved we require for the coarse chains thatF
where ψ h (φ) is a correction term that compensates the change in F h due to the model reduction.
Similarly to the Flory theory, [28] we now estimate the entropic contribution to be the energy required to deform the fine chain from it theta condition to the current fine-chain dimension, leading to
While for the coarse-grained counterpart the entropic contribution to free energy is
As for the interaction energy, we identify thatF ent ≥ F ent , which in turn requires a correction factor ψ ent (φ) to the entropic term of the coarse scale system, such that
According to the definition of the free energy for the fine and coarse chains, we find that the model reduction process originates a resolution-loss effect that requires and additional energetic term contribution that fixes both enthalpic and entropic components of the free energy. To address this shortcoming, we use bond-angle potentials that allow us to achieve an effectiveν for a given coarse graining level. In the model-reduction methodology proposed this additional potential can be interpreted as the required correction to the free energy of the chain. The bond-angle potential we use is given by
where K a is the bending constant, α o is the equilibrium magnitude of the angle and α ij is the current angle between the bond vectors s i and s j . The bond-angle potentials control entropically the coarsechain conformation and account for long-range correlations eliminated by the coarse-graining process as schematically shown in Figure 4 . The inset equations in Figure 4 show that coarse graining affects the length scale and the number of terms considered in the definition of mean-square radius for the fine and coarse models. Thus, when the bond-angle potential is imposed we are effectively scaling the proper cosine similarity average. Since the main function of the bond-angle potentials is to achieve a requiredν, we could fine tune the bending constantK a , and the equilibrium angle α o for a given coarse grain level. However this approach requires an iterative process every time we change the coarse-graining level. To avoid this issue we construct a reference chain with φ ref = 1 and bond-angle potentials, where we perform the tuning ofK a and α o that compensates the bead-bead and bead-spring interactions such that the chain conformation is entropically controlled. Based on this reference chain we identify the magnitude of the bending constant K a that does not distort the pressure of the system, as well as the relationship
Thus, for an arbitrary coarse-graining level we can scale the bending constant from this reference chain and the conformation of the coarse-grained chain can be controlled through the expression (63). Here, we assume that (63) is independent of the model reduction process, which implies that there is no change in the angle length scale
To simplify the process, we construct the reference system using the same bead-bead and bead-spring interactions of the fine-scale system. Figure 5 illustrates the methodology that we adopt to scale the bond-angle restrictions. The proper scaling of the bond-angle constant is determined from equation (40), stressing the same arguments we use to scale the bead-bead and bead-spring interactions. In this case the bending constant only scales with the change in the number of angles (N angles + 2 = (N angles + 2)φ −1 ), since the length scale of the angle is unchanged (64). The scaling of the bending interactions yields
where the subscript ref indicates that this constant is applied over a reference system. In Section 4 we discuss further the construction of the reference chain.
We summarize the scaling functions proposed herein in Table 1 . We stress the fact that the two key 
Simulation Details
The DPD simulations are conducted using the software LAMMPS. [35] The simulation box size for the systems modeled ranges from (30r c ) 3 to (100r c ) 3 , with chain lengths ranging from 4 to 400 beads. For the fine-grained systems we fix the scales of energy = k B T , length r c = 1, and mass m = 1. This choice leads to the standard (see equation (32)) time unit τ = 1. In those fine systems the particle density used isρ = 3 particles/r 3 c . We adopt a time step ∆τ = 0.04 in order to have temperature fluctuations smaller than 2%. The simulations run for 500, 000 time steps, including an initial stabilization period of 20, 000 time steps. During the stabilization stage, the interaction parameters are selected to be a ps = 25, where p and s denote polymer and solvent, respectively. The units used for each coarse-grained simulation are set according to the framework described in section 3 and summarized in Table 1 The radius of gyration, end-to-end distance, and contour length are averaged for production runs of 500.000 steps, sampling every 1.000 steps. In order to get significant statistical results in the measurement of the exponent ν, the sampling frequency is increased to every 500 steps.
In all fine-scale simulations, the size of the simulation boxes is chosen proportional to the expected end-to-end distance as 2R f,expect . We define
where ν e = 0.65 for interaction parameters polymer-solvent (a ps ) smaller than 29, and ν e = 0.4 otherwise. According to our experience and the literature [31, 32] the theta condition occurs at 27 ≤ a ps ≤ 28, therefore we expect for a ps > 29 that the DPD chains adopt collapsed configurations. Similarly, below the theta condition extended structures are preferred, and larger boxes are required to avoid finite size effects.
Similarly to Spaeth et al., [22] we select the equilibrium distance between connected particles r o to be equal to the distance where the maximum of the radial distribution function g(r) occurs. To corroborate our selection of r o , the g(r) of the particles in the fine and coarse systems were evaluated. Our estimates coincide with the results of Spaeth, [22] leading r o ≈ 0.85r c . In Figure 6 the radial distribution function measured is presented for systems containing fine grained chains and coarse graining representations with φ = 20. We track the variation of the particle distance between connected particles to to verify that r o is satisfied. The chain size calculations are computed from the measured contour length, such that the measured average is given by r av o =l c /N . Figure 6 : Comparison of the radial distribution function for a fine scale system and it coarse-grained counterpart. The maximum peak occurs at r/r c ≈ 0.85.
In all the systems the Flory-like ratio parameter C N was measured for different chains and the characteristic ν was determined as
where β = lnC N /lnN from equation (16) . The influence of the chain length and the solvent interactions on the bead correlation along the chain is studied by computing the bond-angle correlation function B(n), defined for a chain with N beads as
where C nm is the Flory's characteristic ratio of chain fragments containing n segments, and is given by
The expression (68) accounts for all the possible fragments of size n in the chain. Equation (68) is useful to compute the change of the conformation (ν) between segments along a DPD chain. Thus, we can identify long range correlations and their relationship with the chain length and solvent interaction. 
Reference chain construction
We conduct the inter-and intra-chain interaction experiments in a reference grained system basis. Thus, the appropriate spring and bending parameters are identified for reference chain and scaled consistently to be used in the coarse-grained scales.
In order to satisfy the proper correlationν between particle chains in entropically constrained models, we study how the bending constant K a,ref and the equilibrium angle α o influence the reference-chain conformation. The intervals evaluated for these parameters are listed in the table 2. In the simulations we vary independently K a,ref and α o , for different interaction parameters a ps and spring constants K s . The goal is to assess the effect of the bending constant (K a,ref ) on the balance between intra-and intermolecular forces acting on a given particle, and the effect of the equilibrium angle in the magnitude of the Flory's ratio (and consequently ν). In this case the magnitude of the spring constant chosen is used to construct all the fine-scale systems.
We identify the interval in which the characteristic size of the polymer chain can be properly controlled by tuning the entropic restrictions. Furthermore, we ensure that the reference chain conformation can be driven by the bond-angle potential, without affecting on the enthalpic interactions. In Figure 7 we present the radius of gyration of a DPD chain constructed with the lower and upper limit of spring constants evaluated K s = 3.0 and K s = 50.0, respectively. For both values, the variation in size with the bending constant K a,ref , for fixed equilibrium angle, α = 180 o , is shown. In Figure 7 the highest value of the bending constant corresponds to K a,ref = 9, while the lowest
It is identified in Figure 7 that the chain size controllability is diminished at low values of K s ; in this condition, the strength of the enthalpic interaction between the chain and the solvent induces large fluctuations in the average bond distance r av o , increasing the variance on the chain size dimensions. In contrast, when bond interactions are stronger the bead-bead contributions are damped, and the entropic restriction dominates. In addition from Figure 7 , it is evident that the better entropically-governed chain models occur when the bending constant takes the maximum value in the interval evaluated. In general, we found that the highest values of K s and K a,ref have the best performance to entropically control the size of the DPD-reference chains, in a narrow fashion.
The identification of the inter-and intra-molecular interactions is analyzed by studying their effect on the chain conformation ν. Similarly to the the effect on radius of gyration, higher values of K s and K a improves the control of the chain conformation. Based on these observations we select the bead-spring (K s = 50k B T ) and bond-angle (K a = 9k B T ) interactions of the reference chain that consistently preserve ν for different conditions of polymer length and solvent interaction. For longer chains (i.e., 32 beads per chain) it is necessary to use higher values of the bending constant K a > 10. For long chain models folding of the structure is possible, conserving local rigidity in a short sequence of beads. In the case of a polymer chain with 32 beads the number of rigid sections identified is ≈ 4. 
Identification of the coarse-scale conformationν
The variation of the chain conformation ν with the imposed angle is measured for reference chains. The magnitude of the angles and polymer lengths evaluated in the reference systems are presented in the Table  2 .
The effect of the equilibrium angle α in the bond-angle correlation function B(n) (defined in equation (68)) of athermal systems (a ij = a ii ), is presented in Figure 8 . In this case we analyse short chain models to show how the coarse-graining process proposed is able to accurately represent long chains using short-coarse models. Figure 8 exhibits the variation of ν for chains containing 4 to 16 beads per chain, evidencing that we can narrowly control the value of ν. As a comparison, the correlation ν between particles for chain models without bond-angle potential is also included. We found that in these shortchain models due to the absence of long-range correlations, the variation of ν with the molecular weight is negligible, and the bond-angle correlation function for all the chains collapses in a single curve. The angle imposition uniformly modifies the correlations between segments within the chains, preserving the molecular weight independence.
In Figure 9 we summarize the average ν variation with the equilibrium angle imposed, the variation of ν and α is approximated by a linear function, such that we can compute the angle to achieve the soughtν. Thus, we express the required angle as
with a standard deviation ±0.02, and ν in the range 1/3 to 1.
Figure 8: Variation of particle correlation ν for different equilibrium angles α in the bond-angle potentials applied to entropically constrained chain models, in the athermal condition, a ps = 25.0. For the different values of α presented, we included as a comparison the particle correlation of chain models without bond-angle potentials. The variation of ν is presented along chains with N ranging from 4 to 16.
Identification of fine-scale conformation ν
Due to the relevance of the fine grained conformation ν in the coarse-graining methodology proposed, we study the behavior of ν in a DPD system as the interactions between components varies. Polymer chains ranging from 16 to 400 beads per chain were modelled under different solvent affinity conditions. In order to preserve the chain controllability for different levels of coarse graining, the magnitude of the spring constant identified for the reference chains is used for all the fine systems evaluated. To ensure the chain incompressibility condition in fine-scale systems, we identify the interval of the interaction parameter a ij that satisfies 0.33 ≤ ν ≤ 1.0.
In Figure 10 we use the bond-angle correlation function given in (68) to compute the variation of ν along chains containing 50, 200 and 400 beads, for different a ps . As we already mention, the limits on the values of ν can be interpreted from a geometrical standpoint, however this interval holds only under incompressibility constraints. We observed that for the magnitude of the spring constants chosen (K s = 50), the maximum value of interaction the parameter that does not induce significant compression in the chain is 0 < a ps < 35, if N is sufficiently large (i.e., N > 100 beads). In addition, the analysis of B(n) over different polymer lengths reveals that the incompressibility is satisfied not only at the chain-scale level but also locally along the chain. Based on this result we identify a ps = 35 as the non-solvent limit for the systems evaluated. In general, a system-specific mapping may require higher values of a ps which in turn would need a compensation with K s > 50 to satisfy incompressibility, or the use of different bead-spring potentials.
The study of the conformation of single chains in solution allow us to identify how fine-grained systems are governed by the enthalpic interaction. We corroborate that DPD chains exhibit well defined transitions from good to poor solvent, and the theta condition occurs at a ps ≈ 27.5. Based on these results we can consistently characterize the variation of ν with the interaction parameter. Moreover, from equation (31) we compute how the maximum level of coarse graining φ max varies with the polymer-solvent affinity at the fine scale ( Figure 11 ). The variation of the maximum level of coarse graining is an important feature of the model-reduction methodology we are introducing. This shows that for a given DPD chain it is not possible to apply an arbitrary coarse graining level when the chain is in different solvents, thus a DPD chain containing N segments can be reduced upto φ = N in poor solvents, while in good-solvent Figure 10 : Effect of a ij over the particle correlation along the chain models with 50 and 160 beads, with fixed K s = 50k B T , and K a = 0.0k B T . The average ν computed for chains ranging from 50 to 400 beads is depicted a solid lines for different a ij . The shadowed regions indicate the standard deviation of the ν computed. condition this would be impossible.
Validation of the coarse graining
Once we identify how the conformation of DPD polymer chains is driven in fine scales, and how it can be controlled in coarse models, we validate the size-preserving and forecasting capabilities of our model reduction methodology.
The systems evaluated contain individual DPD chains in athermal solvent (a ii = a ij = 25.0). We applied different levels of coarse graining φ such that all the coarse-scale chains have the same number of beads, while each represents different molecular weights. To determine the required coarse conformationν (equation (30)), rather than measuring the conformation ν for every fine-grained counterpart, we evaluate if the size of fine models can be forecast using a constant ν derived from the study presented in Figure 11 . In Table 3 we give a break-down of the parameters we use in this validation stage. Figure 12 presents the fine-chain size variation (R g and R) with the molecular weight for polymers in athermal conditions. Along with the fine-chain sizes we have included the measured radius of gyration Figure 11 : Variation of R g for different interaction parameters (solvent qualities). Based on the conformation of the DPD chains we identify the DPD equivalent transitions for linear polymers in different solvents. The maximum level of coarse graining φ max that can be applied for each solvent condition is identified according to the equation (31) . The non-solvent limit presented is consistent with the magnitude of the spring constant K s we chose. This limit can be further exploited using stronger bond interactions or even different bond potentials. [24] and end-to-end distance of their equivalent coarse representations. According to the fine-scale variation identified (Figure 11 ), coarser chains are constructed taking ν = 3/5. In Figure 12 is remarkable the agreement between fine-and coarse-grained chains in both R g and R. The small difference between fine and coarse models at high molecular weight appears due to deviations of the real fine conformation with respect to the value of ν used to make the coarse models. Nevertheless, taking into account that a coarse-grained curve is constructed in a forecasting stage taking a constant ν = 3/5 the current results are satisfactory.
The results compiled in Figure 12 show that using the model reduction framework we introduce, it is possible to cover a wide range of molecular weights while using the same number of beads per chain. Thus, using geometrical considerations, our coarse-graining methodology, allows us to map fine-scale models to a reference state through a consistent system scaling ψ(φ), where short-length and fast-time scales are neglected and the relevant properties that govern the phase equilibria are preserved.
To verify if the functional form (70) obtained from the reference system is independent of the level of coarse graining, and can be used to controlν, we present in Figure 13 the measured chain conformation,ν measured , along with the calculatedν (equation (30) ) for the different levels of coarse graining. From Figure 13 we confirm that the dependence of the chain conformation with the equilibrium angle of the reference chains is consistently extended to coarse models, such that the soughtν is properly obtained. In order to highlight the importance of the entropic constraints to preserve the relevant properties of the DPD chains, in Figure 13 we include the measured coarse-grained conformation when angle restrictions are not imposed in the model. Here it is appreciated that in absence of bending potentials,ν is practically independent of the coarse graining level (ν ≈ν). From equation (29) (φ 3ν−1 = N 3(ν−ν ) ), if the fine and coarse conformation are approximately equal there is only one conformation that satisfies the chain size and density preservation, ν =ν = 1/3, or φ = 1.
Despite of the inherent limitations of chain models without angle imposition, we can explain why the methodology followed by [22] (whereν is not adjusted) is capable to preserve fine-scale properties if the number of beads per chain and the level of coarse graining do not exceed a maximum. On the one hand, it can be seen in Figure 13 that the difference between the conformationν of the restricted and unrestricted models is smaller for lower molecular weight polymers with low coarse-graining levels. Therefore when φ is small, the difference in conformation between fine and coarse-grained chains is not significant (ν ≈ν), and the deviations without angular restricted models are hidden.
On the other hand, the limit in the number of beads per chain is observed after analysing the radius of gyration variation. In Figure 14 the radius of gyration dependence, R g /R θ g , with the interaction parameter is depicted for chains of different molecular weights. Considering the variations of ν with the solvent affinity, a noticeable jump in R g /R θ g above the theta condition is expected and evidenced for long chain models. However, in the case of chains containing fewer particles the transition at the theta point is weaker and the change in the chain size is negligible.
Finally, for the sake of consistency we evaluate the efficacy of the coarse-graining methodology proposed, through the quotient Q between the different preserved properties. Given a property A in its fine and coarse grained representations, we compute
where Q tends to one when A is properly preserved after the coarse graining. Figure 15 includes the results of the model reduction over systems containing short and long chains. In addition, we again compare the performance of the entropically-constrained coarse graining we proposed, with the coarse graining approach followed in, [22] where the segment correlation between fine ν and coarseν representations is not accounted for, yielding ν =ν. In the last case the interaction and spring parameters are scaled but non bond-angle potential is included. From Figure 15 we identify that for short chain models (i.e., 16 bead) the effect of the entropic restrictions in the dimensions of the chain is not noticeable, and both model reduction methodologies nearly preserve the properties of the system. However for larger polymer models (i.e., 160 beads) the difference in particle correlation between fine and coarse scales becomes relevant, and the model reduction without explicit control overν fails. 
Conclusions
The model-reduction framework we describe satisfactorily preserves the relevant properties that define the phase-equilibria in polymer-solvent systems , such as the pressure, temperature, density and size ratio between species, regardless the length of the DPD chain and the level of coarse graining. However the explicit dependence of the coarse graining with the chain conformations imposes limits in the maximum level of coarsening that can be achieved. The methodology proposed can be widely applied to different particle-based method, in particular, we present our validation in the context of Dissipative Particle Dynamics (DPD).
